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APPROXIMATION BY PENULTIMATE STABLE LAWS
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Abstract. In certain cases partial sums of i.i.d. random variables
with finite variance are better approximated by a sequence of stable
distributions with indices a, — 2 than by a normal distribution. We
discuss when this happens and how much the convergence rate can be
improved by using penultimate approximations. Similar results are
valid for other stable distributions.

1. Introduction. Let X,, X,, ... be independent random variables with
common distribution function F. We assume that F is either in the domain of
attraction of a stable law with index less than 2, that is

. 1—F{tx)+F(—tx) _
1 = ® 0,
R AI—F@O+F(-) ¥~
1.1 - 1—F (@) B
e 1—FO+F(—n D

for some parameters ae(0, 2) and pe[0, 1], or in the domain of attraction of
a normal law, ie.

x

S(x):= | (1—F @+ F(—u)udueRY,. T

] —

Then there exist a, >0 and b,eR such that

(1.2) ~ lim P{i X/a,—b, < x} = G,(x)
n— i=1

for all x, where G, is a stable distribution function for ae(0, 2) and

G,(x) =(2m)~ 12 } exp { —u?/2} du.

* H. Iglesias Pereira was partially supported by JNICT/PRAXIS/FEDER.
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Rate of convergence results in connection with (1.2) can be given under
second order conditions. First let us concentrate on the case a < 2.

Suppose there exists a function 4 with lim,_, , 4 () =0 and not changing
sign near infinity, such that

l—F(tx)-!-F(—tx)_

—a

X e __
R
(1.3) 1—F() .
- . 1-F@®+F(-p °
rllrg A(t) B

Here g is a real constant. The function |A| is then regularly varying with
non-positive index ¢ (notation: |4 (¢)| € RV,).

De Haan and Peng [4] proved that under condition (1.3) for a suitable
choice of the sequences a, and b,

n

(14) lim sup |P{ Y. X/a,~b, < x}— G, ()4 (a,)
R0 xeR i=1

exists and is positive.

Now the question is: can we improve the convergence rate by using a se-
quence of stable distribution function G,, with «, — « instead of G, in relation
(1.4)? In order to answer this question we note that an intermediate step in
settling (1.4) is a second order relation for the characteristic function of F,

f@):= _}o e** dF (x).

We take as an example the case 1 <a <2 and 1—F(x) = F(—Xx) for
x > 0. In this case the relation for f'is the following (see Lemma 1 of de Haan
and Peng [4]):

. —nlog f (t/a,)+1ogg,(t) ( Itl““—.l)
1.5 1 = 1t*( s, +d,- :
e A(a,) St e == )

where

g.(t) = exp {—[t|* I (1 — o) cos (ma/2)}
is the characteristic function of G,(x) and

i n(l—a)

x*

x"*sinxdx = I' (1 —a}sin O<a<?2)

Il

Qe § Oty 8§

x"*log x sin x dx

n(l—at){l“(l—a) 1 n(l—a)

7]
[

=TI(1—a)sin 7 += ctg

T(i-2) 2 5 } O<a<2).
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We want to replace « by a sequence o, for which

. —nlog f(t/a,)+1logg,,(t)
8 T A

Note that for n — oo

0.

o,

2

—logg., (t)+logg, () = |t I'(1—a,) cos—=2— | ' (1 —a) cosn—;
o,

= (it~ [e) I'(1 —a,)cos —

+[tf* (F(l —a,)cos %—F(l —ar) COS?)

™o

~ (o, —) |f*log | I'(1 o) cos

o

2

= (an— a) ltla log |t| du_(an_ d) |tla Sy»

—(oz,,—oc)ltl“[l“’(l—ac)cos +gF(1—a)sin%:|

This shows that if we take o :=a—A(a,),

. —logg,, () +logg, () .  —nlogf(t/a)+logg,(t)
Lim A(a) = lim A(a)

when ¢ =0. So with that choice

. —nlog f(t/a,)+logg,, ()
Jm A(a,) -

0,

ie. the convergence rate can be improved.
If g is less than zero, then for no choice of «, cancellation is possible, so we
cannot improve the convergence rate in this case. -
- Next let us consider the case o = 2. Since x~25(x) |0 as x — oo, the func-
tion
a(x):=sup{a:2a"2S(@) = x"1}

is well defined for x > 1/2. We have
(1.7) 2x(a(x))"2S(a(x) = 1.
De Haan and Peng [5] proved that

- IP(X;.., X/am) < x)— G, (x)
(1.8) ;}EB: Sx]:}? n(l —F(a (n))+F(—a(n)))
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exists and is positive under the condition
1-F(x)+F(—x)eRV,—, (—1<¢<x<0),

. 1-F(x)
A TFmEF(=x)

(1.9)

= p*e[0, 1].

Using the same arguments as in the case « < 2, we find that the rate
of (1.8) can be improved only in the case ¢ =0 of (1.9). .

The result in Section 2 shows that for 1 < a < 2 the convergence rate can
be improved “a little’ if the condition (1.3) holds for ¢ = 0, that is, if the conver-
gence rite is slow. In that case the convergence rate A(a,) is replaced by
{A(a,)}* See also Remark 2.2 about the case 0 < a < 1:

In Section 3 we consider the normal limit distribution. We shall show that
if (1.9) holds for ¢ = 0 the convergence rate can be improved ‘a little’ when one
approximates by a sequence of stable distributions with &, — 2 instead of by
the normal distribution. In that case the rate n(1—F (a(n)+ F (—a(n)) is re-
placed by [n(1—F (a(n))+ F(—a(n))]>. The phenomenon has been observed
before in Iglesias Pereira et al. [10] and Oliveira [8].

2, Main result for ae(1, 2). Throughout this section we assume that
ae(1, 2) (but see Remark 2.2 for 0 <a < 1) and EX;, = 0. We now need an
even more stringent condition than the second order condition (1.3). In fact, we
need a third order condition: suppose there exists a function A4,(f) with
lim,, , A,(t) = 0 and not changing sign near infinity such that

1—F(tx)+F(—tx)
1—F@O+F(-1)

. A@®)
@1) fim 4,00

—a

—x *logx

= H(x),

-where H(x) is not a multiple of x™*logx and suppose that

1—-F (¥ _p A -
1— _ ; o
22) fim == LT — ge(— oo, 0)

Note that (2.1) is equivalent to

. (tx)K(tx)—t*K()—A@)t* K (t)logx
@3) Yim AOFK @) 4, 0) =
where K (x):= 1 —F (x)+ F (—x). From Theorem 1 of de Haan and Stadtmiiller
[7] we can assume that

x* H (x),

1[x¢—1
(24) Hx)=x"* é—,lix 7 —logx] (o' <0).




Approximation by penultimate stable laws 109

Let us denote by U(f) the generalized inverse of the function
l/gl—F(t)+F(-t)). If (1.1) holds, 1 <a <2 and EX, =0, the sequence
Zi=1X'/U(") converges in distribution to G, whose characteristic func-
tion is

g, (t):= exp{—]tl"l‘(l —a) I:cosn—;——isgn (t)(2p—1)sin %]},

where

0 = 1 fort=0,
S =1_1 for t <O,

Now we can state our main results. .
THEOREM 2.1. Let F be a non-lattice distribution function. Suppose (2.1),
(2.2) and (2.4) hold for some 1 <a <2 and ¢ <0. Then (recall EX, = 0)

3 lim (AU} [P(Y XU 0) <)~ G- swmn(¥]
1 W e*itx

=5 1= g, (O (Cy (®)+isgn(t) C, (1)) dt

uniformly for all x, where

C, ()= | [0l (log (x/Ie)?/2] sin x dx

and
C,(0) = T [—@p—1)Ge/le)* ((log (e/1t))?/2) + 240 (/1) ~] (1 —cos x) dx.

Remark 2.1. Suppose (2.1), (2.2) and (2.4) hold for ¢’ = 0. Assume
lim A, (t)/A(t) = ce(— o0, ©).
t— o

Then the left-hand side of (2.5) still exists, but the limit function is diffe-
rent. ‘

Remark 2.2. For « < 1 we also have a version of Theorem 2.1 when F is
assumed to be symmetric (cf. Remark 5 of de Haan and Peng [5]).

3. Main result for o = 2. We assume throughout this section that EX; = 0
and that G* is the stable law with characteristic function

gt = exp{—ltl“(l —a/2) T (1—0) |:cos %—isgn(t)(Zp*_ 1)sin %]}

Define ¥ := 2—2n(1—F (a(n))+ F (—a(n)). We now need a condition strong-
er than (1.9). Suppose there exists a function A*(t) with lim,.,A*(t) =0
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and not changing sign near infinity such that

1—F(tx)+F(—tx)_x—2
 1-F(O+F(-t Sl
Illn; A*(t)) = x ZxQ* , x>0,
(3.1) 1-F@)
- 1—F(t)+F(—1) _
t-w t(1—F(a()+F (a(2)))

where—o* <0 and ¢* is a real constant.

*

2

Now we state our main theorem.

THEOREM 3.1, Let F be a non-lattice distribution funétion. Suppose (3.1)
holds for ¢* < 0. Then

. P(Y;_, X /a(n) < x)—G% (%)
o [n(1—F(a(m)+F(—a@))]?

1 w0 —itx

= —5- | e (-2 [C1(0)-+isgn(0) C3 ()] dr

(3.2)

uniformly for all x, where

o0 . [e}
Cipt)= -2 j (/1) ~ % log (x/|t]) sin x dx — 2 j (x/I1t]) 2 log (x/|t]) (sin x — x) dx
1t 0
and
= [ [—2@p*—1)(x/|t])~ > 1og (x/Ith+ 2g* (x/[t]) =] (1 —cos x) dx.

Remark 3.1. Suppose (3.1) holds for ¢* = 0. Assume that
lim 4% (¢)/[n (1—F (a@m))+ F(—a®))]= coe(— o0, ).
1~

Then the left-hand of (3.2) still exists, but the limit function is different.

4. Proofs. The line of reasoning is as follows. The starting point is Lem-
ma 4.1 which gives a reformulation of condition (2.1) for F suitable for our
purposes. The next step is to give an equivalent relation for 1 —f, where fis the
characteristic function of F. This involves application of Lebesgue’s theorem on
dominated convergence. The dominating function for this application is ob-
tained in Lemmas 4.3-4.5. Next the limit relation for 1 —f is translated into
a relation for —log f, hence for f", the characteristic function of the n-fold
convolution of F (Lemma 4.6). The necessary inequalities for the last step,
translating this relation into the promised limit relation for the n-fold con-
volution of F, are developed in Lemma 4.7. The proof of this last step is similar
to the corresponding step in de Haan and Peng [4] and is omitted.
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Lemmas 4.8-4.11 present a somewhat similar development for the case of
the normal distribution.

LemMa 4.1. Suppose that (2.1) and (2.4) hold for ¢’ < 0. Then for x >0
1—F(tx)+F(—tx)_x_a+Am
1-F(@®)+F(—t)

. . y—C 2
,llrg 20 = —x"*(logx)*/2.

Proof. Relation (2.1) implies that A(r) is slowly varying and A,(t) is
¢'-varying, and hence .

@n lim A, (£)/A () = 0.

Note that
L-FE)+F(=1) _ _aiag
1-F@®)+F(—1
A% (1)

42)

I=F@I+F(—1x) o i x-elogx

1—-F(@)+F(—1) Ay (2)
B A) Ay () A()
XxTETAD _xTe_A()x *logx
A%(D)

We now use (2.1), (4.1), (4.2) and

(4.3) X —x"°—(y—yo) ¥’ log x = 3 (y—yo)* x*° 07> (log x)*

for all x > 0, where 8 ¢[0, 1]. Lemma 4.1 follows easily since lim,,A(t) = 0. =
LEMMA 4.2. Suppose (2.1), (2.2) and (2.4) hold for o' < 0. Then

n(1—F (U (n)x)+F(— U (n)x))—x "4

(4.4) s  —xog 2
and- - = )
(4.5) n(1—F (U (n)x)—F(—U(n)x))—(2p—1) x40

A% (U ()
- —(2p—=1)x"*(logx)*/2+2g,x*

The proof is similar to the proof of Proposition 2 of de Haan and Peng
[4], using Lemma 4.1 and (2.2). =
The following lemma is an extension of a result of Drees [2].

LEMMA 4.3. Let [ be a measurable function. Suppose there exist a real parame-
ter y and functions a, (t) > 0 and a, (t) > O with constant sign near infinity such
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41 . exp { —&? Jlog x|}

that for all x>0

I(x)—1(¢ —(x"—1
Lk a, (t)

exists as a finite limit and h(x) is not a multiple of (x*—1)/y. The function a,
is regularly varying of index vy, and |a,(t)l is regularly varying of index
B<0.

Then there exist functions a,(t) >0 and a,(t) (where |a,(t)] > 0) with
the property that for all &, & >0 there exists t, > 0 such that for all t > to,

tg, ...

[0-1@Ya; (= =fy_, |

x 7 Pexp{—¢ |logx|}

a,(?)
where
(log x)?/2 for B=0,y=0,
h(x) = < x'logx for B=0,y%#0,

P =1/v+B)  for B <O0.

Proof. Suppose B =0 and y = 0. We proceed as in Omey and Willekens
[9] and Drees [2]. Write

(4.6) 1, (0):= l(t)—% 5) 1(s)ds

Then I, is in the class IT (for the definition of class IT, see Geluk and de Haan
[3]). Hence by de Haan and Pereira [6], Appendix, there exists a slowly vary-
ing function Lwith the property that for all ¢, & > 0 there exists ¢, > 0 such
that for t > tg, tx > t,, ’

L (tx)—1, (1)

—logx| < &M

L(?)
Next note that (4.6) implies .
un—hm+f’@
Hence
I(tx)—1(t)—1, (t)logx—L(t)log x
1 Lo —(log x)?/2
l () =1 x (l L(t8)—=1,(0) logs)d
L® s AT A

Choose ¢ > 0. By (4.7), for t > t,, tx = t, we have

E

o
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[(tx)—1(t)—1, (t)logx—L(t)log x
L()

—(logx)*/2

x d
< eMexp {2 |log x|} + & jexp {e? |log s} _s

= ¢Mexp {e@ |log x|} + & |exp {e@ log x|} —1].

Let eM/e® < e, e® < ené. Then the expression is at most eexp {¢ [logx|}.

For f =0 and y > 0, by Theorem 2 of de Haan and Stadtmiiller [7] the
function ¢ ~? L(¢) is in the class II. Hence, by (4.7), for each ¢, ¢ > 0 there exists
to > 0 such that for t > ¢y, tx > ¢,

1) = 1) =yl (&) [(" = 1)y~ 1]
"L(?)

—x"logx

_ ()" l(tx)—t~71()

< Eea|logx| .
L() -

—logx

Similarly for =0 and y <.
For f < 0, from Theorem 2 of de Haan and Stadtmiiller [7] we have for
some positive d, and all x >0

m 2@ _ 21
lim -2 =

with

L) =10-

Hence by de Haan and Pereira [6], Appendix, there exists as (f) > 0 with the -
property that for all ¢, & > 0 there exists ¢, > 0 such that for ¢t > ¢,, tx > ¢,

l@x)—1(@)—ct’ [(xy—l)y_l]_xy+”—1|

{c > 0).

J’C—w—ﬁ
as (1) 7+B | }
yep| L@ L@ X" 1| ’
=x"""8 <ceexp{—¢llogx
.0 5B | p{—¢[logx|}.

This completes the proof of the lemma. =

LEMMA 4.4. Suppose the conditions of Lemma 4 1 hold. Then for any ¢ > 0
there exists ty, > 0 such that for all t>1t,, tx > t,

1—F(tx)+F (—tx)
1—F(®)+F(—t)
A%

—a+A(f)

< ex™*(Jlog x| + e1°8*l) + 1 x % (log x)? e*'°8>!,

8 — PAMS 19.1
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Proof Note that (2.3) implies
lim (Ex)* K (tx)—t* K () — A () * K (2) (1+ 4, (2)/') log x 1 x¢—1
o ABFK R4, ¢ ¢

By Lemma 4.3 for any & > 0 there exist functions a, (), a, (¢) and ¢, > 0 such
that for all t > ¢, tx > ¢,

(tx)* K (tx)—t* K (t)—a, ()logx 1 x¢' —1
3 6,0 ¢ ¢
It is easy to see that
a® a0
AQDEPK@E) = A@OEK@®A4,0)

a, t)—A@)t*K(2)
AMt*K(t) Ay (1)

(4.8) < ex? efllos, -

- 1/g'.

Note that

1_F(tx)-|—F(—tx)_x—¢+A(t)
1—F(t)+F(—1)

A% (1)
L OFK@)—rK@O—A@EK O)logx Ay ()
=X A K@) A, A(r)
x7etAO _x~r_ f()x " *log x
A% (1)
B ‘x_aI:(tx)"’K(tx)—t"’K(t)—a1 (H)logx 1 x¢ — 1] .
- a,(t) ?d o
a, (t) Ay (1) Ag(tx) A(tx)

AR t*K({) Ay (t) Ag(tx) Aftx) - A(t)
a,()—AQFK@ o) -
AR K@) A,(1) A@®)
x? a, (1) Ag(t) Ay(tx) A(tv)
@ AOQFKO A, () A,(x) A(x) A()

Ayt

T taK((tt)) 4,0 Ao((t))
x"tAO _x~e A ()x"*logx
A%(1)

and A,(t)/A(t) - 0. Using (4.8), Potter bounds (see Bingham et al. [1]), and

+x7*(log x)

+x7¢
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Lemma 4.1, we obtain
=7 —(y— o) " log

<3 (y—y,)* ¥ (log x)* exp {|(y —yo) log x|}  for all x>0
and

I—F(tx)+F(_tx)_x—a+A(t)
1-F@+F(=1)
70

< x7%g(e? o8 4 |log x[) + 4 x 7 (log x)? eclloe~,
This completes the proof of the lemma. &

LeMMA 4.5. Suppose the conditions of Lemma 4.2 hold. Then for any ¢ > 0
there exists Ny > 0 such that for all n= Ny, U(n) = Ny, U(m)x = N,

wo  |PL=FU@N+F(ZUG)x)]—x—rawe
A*(U(n)
< ox*(log ] + %) 4 .x = log x)? s
and
g |PI=FU@N-F(=U@x)—@p=1)x et
A2 (Um)

2p—1
< ex~*(|log x| + €*"°8*!) + l2p—1i p2 I x~*(log x)? eltoe*l 4 2. x = eflioe™],

Proof Note that
n[1—F (U (n)x)+ F (= U () x)] —x =+ 4>
' A*(U (m)

1-F(U(n)x)+F(—U(n)x)_x—amw(n)),. o
1—F(Un)+F(—U®) " )

A2 (U ()
1-F(Umx)+F(-Um)x) n[1-F(Um)+F(-Um)]-1
1—-F(U®)+F(U@®) A%(U ()

and
1-F(U(n)x)+F(—U (n)x)
1—F(U@®)+F(—U(n)

n[1—F({Um)+F(-Un)]-1
A%(U (n)

Thus (4.9) follows from Lemma 4.4 and Potter bounds (see Bingham
et al. [1]).

- 0.

eRV_,,
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Note that

n[1—F (U @n)x)—F (= U (1) )] —(2p—1) x~** 40
A? (U(n))
1 n[1—F (Un)x)+F(=U (n)x)] — x>+ A0
Az(U (n))
—F({U@mx)+F(—U(n)x)
1—-F(U(n)+F(—=U @)

=(2p

+n[_1_ fF(U(n))+F(—U(n))] *

) 1~~F(U(n)x)—F(—U(n)x)__(2 1)
I—FUmx)+F(—Umx) T "~ 4*(U@x)

A%(U (n)x) AX(Um)
Hence (4.10) follows easily. This completes the proof of the lemma. m

LEMMA 4.6. Suppose the conditions of Lemma 4.2 hold. Let f denote the
characteristic function of F. Define a, = a—A(U (n). Then

i —7108 (/U (1) +log g, ()
oo A% (U (n)

= T = e/t log (eeDy?/2] sim x

X

+isgn (2 T [ —(2p—1) (x/1t)~* (log (x/1¢1)2/2 + 240 (/1) ~] (1 —cos x)dx
=:C, (t)+isgn(t) C, (t).
Proof. Note that for |f| # 0
n(1—f (t/U (n)))—log g, (t)

[+¢)

=n Itsin(tx)[l—F(U(n)x)+F(—U(n)x)] dx - -

+in?t(l——cos(tx))[I—F(U(n)x)—F(—U(n)x)] dx“

“2“"+isgn @ T (1 —a,)(2p—1)sin 2"

—|f*Ir(1—

Ot 8

[ (1—F (U m)x/Ith)+ F (— U (n) x/}t])) — (x/Ie) ~* ] sin x dx

+isgn(t) I [n(1—F (U () x/\t))—F (— U (n) x/|t]))

—(@2p—1)(x/Ith~*](1 —cos x ) dx.
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By Lemma 4.5, « > 1 and Lebesgue’s dominated convergence theorem we
have

1 e o]

——— [ [n (1 =F(U ) x/|t])+ F (— U (n) x/|t])) — (x/|t])~ * { sin x dx

- }) [ —(c/le) == (log (x/It]))?/2] sin x dx.

By Lemma 4.5, |(sinx)/x| <1 as 0 < x <1, & <2, and Lebesgue’s dominated
convergence theorem we have :

1

(00w L F U O+ F (= U @) x]ie) = o)™ ] sin x

— [ [=(e/ith™* (log (x/]¢)))/2] sin xdx.

Combining
1 [¢INo/U(n)
W(T)) I n[=F (U@ x/d)+F(=U@x/)] sinxdx
1 N
(U( (o) "I F Mo HF(=NoY) @(n()) sin Noy/U(n))dY‘
-9 (U"'(n)/rw—)) —0 (since U _ERVI/a)
and
1 [t|No/U(n)
m ! (x/)1t) " sin xdx| — 0

(similarly to the proof of the above relation), we get

mf [ (1 F(U 1)+ F(~ U 0)x1) ~(s/e) ] sinsds €, 0

Similarly,
E(_llj'(T)):f [n (1 —F(Umx/|t)—F(—U(n) x/ltl))

—(2p— 1)(x/|t|)_°‘"] (1—cosx)dx — C,(t).
When expanding —log f = —log(1—(1—f)), we find that the second (and
higher) order term is of lower order, hence the result of the lemma. =

LemMa 4.7. Suppose the conditions of Lemma 4.2 hold. Then for any
& > 0 there exists Ny > 0 such that for all n > Ny, U(n) = N, U/t = N,
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—nlog f (/U (n))+log g, (t)
A%(U(m)

where C is a positive constant.

< C (|t (1 + [log |¢l] + Qog £)?) (1 +eHoeth),

The lemma follows by using the same arguments as in the proofs of
Lemmas 44 and 45. &

Proof of Theorem 2.1. The proof is quite similar to the proof of
Theorem 1 of de Haan and Peng [4] by using Lemmas 4.6 and 4.7.

"For"the proof of Theorem 3.1 we need also some lemmas.

LemMma 4.8. Suppose (3.1) holds for g¢* < 0. Then for x >0

1—F(a(n)x)+F(—a(n)x) o
1—F(a(n)+F(—a(n)

@11) T A(l—F(a(m)+ F(—a()) = —2xlogx

and
1—F(a(n)x)—F (—a(n)x)
. 1—F(a(m)+F(—a(n)
(4.12) '}EEIO n(1—F(a (,7))+F(ma(n)))

= —2(2p*—1)x"2logx+2q* x 2.

—@p*—1)x 7

Proof From the relations S(x)eRV,, (1.7) and ¢* <0 we have

. A*(n) _
(4.13) ,}L‘{‘o n(1—F(am)+F(—a@m)) °

Combining (4.13) with

1—F(a(n)x)+F(—a(n)x) o
1—F(a(n)+F(—a(n)

--(4.14) . -

n(1—F(a(m)+F(—a(n))
1—F(a(n)x)+F(—a(n)x)_x_2
1—F(a(m)+F(—a®) - A*(n)
A* (n) n(l—F(a(m)+F(—a(®))

— —_*
x 2_x oan

n(1—F(a(m)+F(—a®))

+
and

(4.15) X=X = (y—yg) ¥ ogx, 60, 1],
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we have (4.11). Note that
1-F(a(n)x)—F(—a(m)x)
1—F(a(n)+F(—a(m)

N 1—F(a(m)x)+F(— a(n)x)_x_a:q
= ”[ Fla(n)+F(—a(n) ]

+1 F(a(n)x)+F(—a(n)x) |:1—F(a(n)x)——F(—-a(n)x)_‘(2 *_.Iii
I—Flam)+F(—a@m) |1-Fla@x)+F(—a@x) = .
and n(i —F(a(@)+F(—a(m))eRV,. Then (4.12) follows easily. =
LEMMA 4.9. Suppose (3.1) holds for g* < 0. Then for any & > O there exists
Ny >0 such that for all n= N, a(n) > Ny, a(m)x> N,
'1—F(a(n)x)+F(—a(n)x)
1—F(a(m)+F(—a@) N
n(l—F(a(n))+F(—a(n)))

—@p*—Dx~

—ah

< Ex—z es|logx| +2x—2 Ilog xl eellogxl

and

‘ 1—F(a(n)x)—F(—a(n)x)
7 1—F(a@m)+F(—am)

n(1—F(a(m)+F(—am))

< ex~ 2 eflloexl 1 2 2p* — 1] x 72 |log x| €108 4 2% x ~ 2 gollow],

—(@p*—1)x~%

The proof is similar to the proofs of Lemmas 4.4 and 4.5. =
LEMMA 4.10. Suppose (3.1) holds for ¢* < 0. Then
—nlog f (t/a(n)) +1og g% ()
im
- [n (1 ~F(a@m)+F(—am))]?
= —2[ (x/1th 2 log (x/|t|) sin x dx — 2 j /1t~ 2log(x/ltl)(smx x)dx
Il
risgn() I[—2(2p*—1)(x/ltl) "10g(x/ltl)+2q (X/Itl) 2] (1 —cos x) dx.
0

Proof. Note that for t # 0
n(1— (t/a () —log g3, (@

= T {n(1—F (a(m x/|t))+ F (—a(n) x/|t])) — (1 —o/2) (x/)t]) =} sin xdx

+isgn(t) T {n(l —F(a(nyx/ith)—F (—a(n) x/|t|))
—-(2p*—1(Q1 ¥oc,’f/2) (x/]tl)‘“f‘} (1—cos x)dx
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= :Ij {n(1—F (a(n)x/|t]) + F (— a(n) x/|t])) — (1 — o/2) (x/e]) ~**} sin x dx
[¢l
+ [ {n(1—F(a(m)x/t)+ F (—a(m) x/|t])) — (1 — a¥/2) (x/|¢]) "%} (sin x — x) dx

¢}
+ g {n(1—F(a@m)x/|t))+ F (—a(m)x/|t))) — (1 — o/2) (x/Ith =} x dx

+isgn () :j? {n(1 —E (a () x/|t)) — F (—a (m) x/it]))

—4(21;:'“— 1) (1 —og¥/2) (/i) ~**} (1 —cos x) dx
and

Itl
J {n(1—F(a( )+ F(=a( x/) (1~ /2) (e/t) ) x

= |t|? {}n(l—F(a(n)x)+F(—a(n)x))x dx—(1—a¥/2) L }

0 2—0(,’:‘
=0 (by (1.7).
The rest of the proof is similar to that of Lemma 4.6. m

LemMMA 4.11. Suppose (3.1) holds for o* < 0. Then for any ¢ > 0 there exists
Ny > 0 such that for all n> N, a(n) = Ny, a(n)/|t| = N,

| —nlog f (t/a(n)+log gk (z)
[n (1 —F(a (n))+F(—a(n))):|2

where C* is a positive constant.

< C**(1+ |log |t||) (1 + geheeltlly,

The proof is similar to the proof of Lemma 4.7 by using Lemma 4.10. =

Proof of Theorem 3.1. The proof is quite similar to the proof of
Theorem 1 of de Haan and Peng [4] by using Lemmas 4.10 and 4.11. =
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